In this paper, the one-dimensional Gray-Markel lattice-ladder discrete filter structure is extended to two dimensions (2D). The proposed 2D circuit implementation has minimal number of unit delays. Based on this circuit implementation the corresponding 2D state space realization is derived. The matrices A, b, c and the scalar d of the 2D state space model are presented in generalized closed form, having minimal dimension.
Introduction
The area of multidimensional signal processing and systems has attracted researchers from academia and industry for a few decades. This is because of the challenging theoretical problems and the promising applications in the areas of image processing, computer tomography, geophysics etc. 1 An interesting and important problem is the circuit implementation and state space realization for two-dimensional (2D) systems, described by a transfer function, with minimal number of delays. The need to provide minimal realization arises not only out of hardware requirements but also because sometimes nonminimal realizations often cause theoretical or computational difficulties. It is known that it is not always possible to find minimal delay or state space realizations for an arbitrary 2D system in contra-distinction to one-dimensional (1D) case.
1 Minimal realizations can be derived only for particular categories of 2D systems, i.e., continued fraction expandable systems, all-pole and all-zero filters, product factorable transfer functions, discrete time lossless bounded real functions, separable and factorable systems, first order all-pass and lattice filters.
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In this paper, the circuit realization of the 1D Gray-Markel discrete-time latticeladder filter, 6 was extended to two dimensions. The proposed circuit realization has minimun number of delay elements. Using the presented circuit realization the corresponding state space realization, having minimal dimension, is derived.
Realization
In this section, the circuit implementation and the minimal state space realization for the 2D discrete-time lattice-ladder filters are presented. The 2D state space model that is used, is of the Roesser type with cyclic state space vector structure 7, 8 :
where 
where
Circuit and State Space Realization
Extending the results of Gray-Markel 6 for lattice-ladder discrete 1D filters to 2D, the corresponding 2D ladder-lattice circuit realization is depicted in Fig. 1 . The new 2D section has minimal number of two delay elements, namely z It is noted that the cascaded circuit implementation has minimal number of delay elements (2n).
In order to derive the state space matrices A, b, c and the scalar d for the state space model (Eq. (1)), from the circuit representation given in Fig. 1 , it is assumed that the outputs of the delay elements z 
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The dimensions of the matrices A, b and c are 2n × 2n, 2n × 1, 1 × 2n, respectively. It is noted that the state space matrix A has minimal dimension 2n × 2n, resulting from the corresponding minimal circuit realization. ∆ i ,i=1,···,2n are reflection coefficients. Stability conditions require that the reflection coefficients |∆ i | < 1 [9] .
Example
For simplicity consider the first order 2D lattice filter, with n = 1. In this the case the corresponding state space realization takes on the form, having the following structure:
The dimensions of the matrices A, b and c are 2n × 2n, 2n × 1, 1 × 2n, respectively. It is noted that the state space matrix A has minimal dimension 2n × 2n, resulting from the corresponding minimal circuit realization. ∆ i , i = 1, . . . , 2n are reflection coefficients. Stability conditions require that the reflection coefficients |∆ i | < 1. 
For simplicity consider the first order 2D lattice filter, with n = 1. In this case, the corresponding state space realization takes on the form,
, and
The dimensions of the state space matrix A is minimal (2 × 2). Using Eq. (2), the 2D transfer function of the state space model (Eq. (3)) is
For V 1 = 1 and V 2 = V 3 = 0, the above transfer function (Eq. (4)) takes the form,
It is obvious that the above transfer function (Eq. (5)) is characterized by the all-pass property as in Ref. 9 .
Conclusion
The 1D Gray-Markel ladder-lattice discrete filter circuit realization was extended to 2D. The proposed circuit implementation is of minimal dimension with respect to the required delay elements. The matrix vectors A, b, c of the 2D state space model are of minimal dimension and were derived from the corresponding circuit implementation. The results presented in this paper can be extended to three or higher dimensions.
